INTRODUCTION
Let D be a Dedekind domain, and let X/D be any subset. For a polynomial F # D[x], the fixed divisor of F over X, denoted by d(X, F ), is defined to be the ideal in D generated by the elements F(a), a # X. In this paper, we address the following questions: given a primitive polynomial In 1915, Po lya [4] considered the second question posed above in the case X=D=Z, and thereby discovered a beautiful connection between fixed divisors over Z and the factorial function. Precisely, Po lya proved the following.
Theorem 1 (Po lya). Let F be any primitive polynomial of degree k over the integers. Then d(Z, F ) must divide k !. Moreover, there exist primitive degree k polynomials F over the integers such that d(Z, F )=k ! theorem, would there exists some``generalized'' factorial function that we could change each ordinary factorial to, so that the new theorem would still remain true? In [1] , we showed that, indeed, there is such a generalized factorial function associated with any subset X of a Dedekind domain D. This extended Po lya's result to a very general setting.
In the current work, we use our generalized factorial function to prove some even more precise results about d(X, F ); in particular, we obtain a simple expression for d (X, F ) explicitly in terms of the coefficients of F and the generalized factorial function. We note that the results of Gunji and McQuillan [2] and [3] on fixed divisors may be obtained as special cases of our work by setting X=D=Z, or setting X to be a fixed coset relative to an ideal of D, respectively.
Before stating our main results, it will be necessary to recall from [1] the notion of P-ordering, which is used to construct the generalized factorial function. Thus we will begin in Section 2 by giving a brief treatment of P-orderings as they relate to generalized factorials. In Section 3, we will then present our results relating generalized factorials and fixed divisors over subsets of a Dedekind domain, using P-orderings as well as some techniques suggested in [2] and [3] . Theorem 1 above shall be a very special case of the general theory presented there.
CONSTRUCTING P-ORDERINGS AND THE GENERALIZED FACTORIALS
Let D be a Dedekind domain, and let X/D be any subset. For any nonzero prime ideal P/D, we may construct a sequence of elements [a i ] i=0 in X as follows. First, choose a 0 to be any element of X; then for each k>0, inductively choose a k to be an element of X which minimizes the highest power of P dividing
We call the resulting sequence [a i ] a P-ordering of X. Given such a P-ordering, we refer to the associated descending chain of ideals
as the associated P-sequence of X corresponding to the P-ordering [a i ], where w P (a) denotes the highest power of P dividing a (the expression w P (0) is taken to be the zero ideal).
Although there are generally infinitely many P-orderings of X, it so happens that the associated P-sequence of X is dependent only on X and not on the choice of P-ordering ( [1] , Theorem 1). Hence the associated P-sequence is an invariant of X, and we may speak of it without reference to any particular P-ordering.
In addition to being useful in computing the P-sequences of X, P-orderings may be viewed as a generalization of the natural ordering 0, 1, 2, ... of the nonnegative integers Z 0 ; for it is easily verified that 0, 1, 2, ... forms a p-ordering of Z for all primes p # Z. From this observation, we may compute, for each p, the associated p-sequence of Z. We have
It follows that
and thus we have a definition of k ! purely in terms of the associated p-sequences of Z. But we have shown that any set X of a Dedekind domain D has the analogous invariants; this therefore motivates the following generalized notion of factorial:
Definition. Given a subset X of a Dedekind domain D, the kth factorial ideal & k (X ) of X is defined to be > P & k (X, P), where the product is taken over all nonzero primes P/D.
It is a fundamental lemma ( [1] , Lemma 3) that the product in the above definition is necessarily finite; hence the factorial ideal makes sense for any subset X of D. As we shall see, this is exactly the generalization of factorial function we will need to extend the theory of fixed divisors to a more general setting.
We note in passing that many other number-theoretic results involving factorials can be extended to generalized factorials; some of these were given in [1] while others presumably have yet to be discovered.
FACTORIALS AND FIXED DIVISORS
We now proceed to our discussion of fixed divisors. We begin by recalling a basic but useful result about d(X, F ) from [1] ; specifically, it extends Theorem 1 to our general setting. As its proof is short, we include it again here for the sake of completeness. Proof. Fix a nonzero prime ideal P/D, and let [a i ] be a P-ordering of X. For each i 0, let S i denote the monic polynomial of degree i defined by
Then clearly F may be expressed in the form
where
Let P e be the highest power of P such that P e | d(X, F). We claim then that P e must divide d(X, b i S i ) for every 0 i k. For suppose not, and let j be the smallest index such that P e |% d(X, b j S j ). Setting x=a j in (1), we conclude that P e | b j S j (a j ), since the minimality of j guarantees that all the other terms are divisible by P e when evaluated at a j . But P e | b j S j (a j ) implies P e | b j S j (a) for all a # X, by the very method of construction of the P-ordering [a i ]. Thus P e | d(X, b j S j ), contradicting our choice of j. The claim follows. Now since F is primitive, there exists i with 0 i k such that P does not divide b i . For this choice of i,
By observing that the highest power of The notions of P-ordering and factorial ideal, however, lead naturally to a generalization of their work to arbitrary subsets X of D, which we present here. To be precise, we shall show the following: Theorem 3. There exists a unimodular matrix W k (X ) over D, depending only on X, such that if
, and
We shall give the method for constructing the matrix W k (X ) during the course of the proof. We first treat the case where D is local. In the following two lemmas, let D denote a discrete valuation ring with maximal ideal P, let X/D be an arbitrary subset, and let [a i ] be a P-ordering of X.
Our first lemma states that the fixed divisor of a degree k polynomial is actually determined by its values on the first k+1 elements of a P-ordering.
Proof. As before, express F in the form
with the b i # D, and let d=(F(a 0 ), F(a 1 ), ..., F(a k )). Since d | F(a i ) for all i, the same inductive method used in the proof of Theorem 4 shows that
] is a P-ordering of X allows us to formulate the following lemma about M k .
Lemma 2. There exist unimodular matrices A k (X ) and B k (X ) over D such that
Proof. Let A k (X ) be the lower-triangular matrix having (i, j) entry
for all i j, where the hat symbol (@) denotes omission. (We adopt the convention that rows and columns of matrices are indexed from 0 to k rather than from 1 to k+1.) Then it follows from a fundamental property of P-orderings ([1], Lemma 2) that these Vandermonde quotients are necessarily integral modulo P; thus the entries of A k are elements of D. Moreover, A k is unimodular, since it has only 1's on its main diagonal.
Let B k (X) be the upper-triangular matrix whose (l, m) entry (B k ) lm is the coefficient of x l in S m (x). Clearly the entries of B k lie in D, and since B k also has only 1's on its main diagonal, it too is unimodular. We claim that the matrices A k and B k satisfy the conditions of the lemma.
To see this, first note that the (i, l) entry of the product A k M k is given by
If l<i, the latter sum is (by cofactor expansion along the i th column) the determinant of the matrix obtained from M i by replacing its i th column with a copy of its l th column; hence the value of this sum is zero for all l<i, and therefore A k M k is an upper-triangular matrix. It follows that A k M k B k is also upper-triangular. Next, we consider the product M k B k . Its ( j, m) entry is given by
Thus M k B k is lower-triangular, and consequently so is
Since A k is lower-triangular with only 1's on its diagonal, the diagonal entries of Finally, we give the proof of Theorem 3.
Proof of Theorem 3. In the case D is local, we may set W k to be B
&1
k . For if we let
Since A k is unimodular, we see that indeed
as desired. For the case of general D, we may find, for each prime P dividing & k (X ), the matrix B k (X, P) corresponding to the B k of Lemma 2 when D is replaced there by its localization D P . By the Chinese Remainder Theorem, then, we may construct a unipotent matrix B k (X ) congruent to B k (X, P) modulo a sufficiently high power of P for each P dividing & k (X ). We claim that
&1 satisfies the assertion of the theorem. For let
Then by the proof for the local case, we have
for each prime P dividing & k (X ). On the other hand, given a prime P not dividing & k (X ), the left side of (2) is the same as w P ((d 0 , d 1 , ..., d k ) ), which in turn must be P 0 by the assumption that F is primitive and the fact that W k is unimodular. We also know by Theorem 2 that & k (X) must be a multiple of d(X, F ); consequently, the right side of (2) must also be P 0 for all primes P not dividing & k (X ). Hence equality holds in (2) for all primes P in D, completing the proof of Theorem 3. K To end, we prove the following converse to Theorem 2. This result, together with Theorem 2, gives a complete answer to the second question posed at the beginning of this paper: for a primitive polynomial where the constants d i are obtained from the coefficients of F by a unimodular transformation. It suffices therefore to find relatively prime constants d i such that the right side of the above expression equals I. Denote by > P P e P the prime factorization of I. For each 0 i k and each prime P dividing & k (X ), if & i (X, P) | P e P , let d i, P be any element of D for which P e P divides d i, P & i (X ), but P e P +1 does not; otherwise, let d i, P be any element of D outside P. Then clearly, by construction, the highest power of P dividing
is equal to the highest power of P dividing I, i.e. P e P . Now choose d k =1, and for each 1 i k&1, by the Chinese Remainder Theorem, let d i be an element of D such that
for all primes P dividing & k (X). Then we must have
since for each prime P dividing & k (X ), both sides have the same P-factor by construction, while for all other primes P, both sides are relatively prime to P. This is the desired conclusion. K
